As nonhydrostatic models have higher resolution, a topographical representation scheme is desirable as an alternative to the terrain-following approach, which is unstable for steep topography. We developed a conserved topographical representation scheme using a thin-wall approximation in z-coordinates (the CT scheme). This scheme is formulated by the flux-form finite-volume method with a flux limiter, so that the total integrals over the entire domain of prognostic variables are conserved: this is advantageous compared to the conventional thin-wall approximation method. The CT scheme is easily implemented for existing models that use the finite-volume method. We constructed the scheme to satisfy conservation of mass, horizontal momentum, and total energy. We compared the results of the CT scheme for an isolated mountain case with those of a step-mountain (SM) method. The CT scheme represents the propagation of gravity waves more accurately than the SM method. The upward flux of horizontal momentum becomes more vertically uniform for the CT scheme than for the SM method over time. In addition, the horizontal momentum budget shows that the total momentum is reduced by reaction force at the lower boundary with changes due to numerical damping in the upper layers and numerical filters in the free layers.
Introduction
Numerical schemes for treatment of topography require refinement to allow higher resolution numerical simulations by nonhydrostatic models for clouds and meso-scale disturbances. The terrain-following approach (Gal-Chen and Somerville 1975) has been widely used in most nonhydrostatic models. Although it is simple and straightforward, the nonorthogonality of this approach induces large numerical errors near steep slopes and causes numerical instability for steep topography (Sundqvist 1976) . Good et al (2014) demonstrated the undesirable influence of its nonorthogonality using idealized test cases. With realistic forecasting cases, the property of the terrain-following approach was considerably sensitive for precipitation or temperature, particularly near high mountains (Steppeler et al. 2006 (Steppeler et al. , 2011 (Steppeler et al. , 2013 . Satomura (1989) introduced generated coordinates, whose orthogonality was higher, to an atmospheric model in order to reduce the errors associated with the terrain-following approach. Klemp (2011) and Zängl (2012) improved the terrain-following approach by smoothing topography or introducing more accurate estimation of the pressure gradient. Nevertheless, the errors become more apparent near steeper slopes in higher resolution models despite adoption of the improved terrain-following approach.
Adoption of height-based coordinates (z-coordinates) completely eliminates errors associated with the pressure gradient over topography. A stepwise approximation is the simplest approach with z-coordinates. Gallus and Klemp (2000) tested flows over a bell-shaped mountain using the stepwise approximation and reported that this approach induced obvious errors of vertical velocities at the corners of topographical cells. Such errors in this approximation are reduced to some extent as the vertical resolution increases, but the errors remain for very high vertical resolutions; this is because smooth topography is poorly represented by the stepwise approximation.
A cut-cell approach with z-coordinates, which has recently been investigated (e.g., Adcroft 2013; Adcroft et al. 1997; Good et al. 2014; Lock et al. 2012; Steppeler et al. 2002 Steppeler et al. , 2006 Steppeler et al. , 2011 Steppeler et al. , 2013 Walko and Avissar 2008; Yamszaki and Satomura 2010; Yamazaki et al. 2016) , is that topography is approximated using pricewise linear or bilinear functions. Although topography can be more accurately represented, the method requires complex boundary conditions for the pressure or the velocities on topographical surface. In addition, small cells are generally created in the vicinity of lower boundary, resulting in a huge computational cost because the time interval of integration depends on the size of the smallest cell in the whole region. Steppeler et al. (2002) introduced a "thin wall" approximation, which extended the method proposed by Bonaventura (2000) , to an advective form of the the nonhydrostatic atmospheric model in order to reduce the computational cost associated with the cut-cell method and obtain the most numerical stability. In the approximation, topography was represented using flux limiters at the flanks of cells and the volume of a cut cell is treated as well as that of uncut cells. Furthermore, their system was adopted the first-order spatial difference scheme at the cut cells instead of imposing complex boundary conditions. They demonstrated that numerical simulations of flows over an isolated smooth mountain using their schemes were almost identical to the results with the terrainfollowing coordinate. However, because of adoption of the advective form and the first-order spatial difference scheme in the vicinity of topography, their scheme does not guarantee conservation of the total integral over the domain. Adcroft (2013) introduced the thin-wall approximation considered topographical structure of sub-grid scale to flux-form shallower water equations and demonstrated that improved thin-wall approximation represented the effect of topography well with a coarse resolution model of tsunami.
In this study, we propose a conserved topography representation scheme using the thin-wall approximation in z-coordinates, which we hereinafter refer to as the CT scheme. The CT scheme has the following three characteristics. The first is conservation of mass, horizontal momentum, and total energy: conservation laws are required for not only long-term climate simulations but also short-term, high-resolution simulations (e.g., Satoh 2002 Satoh , 2003 Petrik et al. 2011 ). The second is low computational cost in contrast to the cut-cell methods in which the smallest cell strictly limits the time interval, as mentioned above. The last characteristic is ease of implementation with existing atmospheric models including non-Cartesian global nonhydrostatic models (Tomita and Satoh 2004; Satoh et al. 2008 Satoh et al. , 2014 Skamarock et al. 2012; Zängl et al. 2015) . Section 2 describes the details of the CT scheme and implementation with the flux-form equation systems. In Section 3, the results of a mountain wave test are described. The main conclusions of the study are summarized in Section 4. 
where Dx and Dz are the grid intervals of each cell. Dx¢ and Dz¢ indicate the part of the atmosphere on the horizontal and vertical faces of a cell, respectively. In Class1, all fluxes across the sides of a cell; all the flux limiters are F = 1. In Class2, fluxes are partially permitted to pass through the sides of a cell by the flux limiters. Then the control volume of cells in Class2 is regarded as
, therefore, the time step constraint by the CourantFriedrichs-Lewy condition is the same as that with no topography. Class3, the shaded regions in Fig. 1 , shows cells under the boundary. In the CT scheme, the boundary conditions are explicitly imposed that the orthogonal components of velocities should be zero on the model's surface: for example, the horizontal velocity is zero at the crossed open square (i − 1/2, k -1) and the vertical velocity is zero at the crossed filled square (i, k − 1/2) in Fig. 1 . Furthermore, the CT scheme can easily switch to the step mountain (SM) method if the flux limiters in Class2 cells are omitted. In the next section, we compare the flows over topography with the CT scheme and SM method. The governing Eqs. (1), (2), (3), and (4) implemented with the topographical representation scheme described above are rewritten as
Model description

Governing equations
Conservation of the domain integrals of mass, momentum, and total energy is required. Thus we design the 2D fully compressible flux-form equations in a dry atmosphere. The governing equations of mass, momentum, and total energy can be written as follows: 
where u and w are the hoziontal and vertical components of velocity. p¢ indicates the perturbation of pressure p from the basic state p (z). r¢ indicates the perturbation of the density r from the basic state r (z). e tot is the total energy, and g is the gravitational acceleration. The total energy is defined as e tot = e + K + F, where e is the internal energy, K is the kinetic energy, and F is the potential energy. The flux-form equations can be easily discretized using the finite-volume method to satisfy the conservation laws.
Topographical representation
In this study, we use the Arakawa-C grid and Lorenz grid systems. Scalar variables and velocities are defined at collocated and staggered grids, respectively as shown in Fig.1 . In the CT scheme introduced, the topography is represented by the thin-wall approximation in the finite-volume method. Topographical heights are defined at the faces of scalar and the heights at center of scalar are decided by an interpolation function. The topography is approximated, as shown by the thick black lines in Fig. 1 . Cells are classified into three types: cells completely above the topography (Class1), cells intersected by piecewise linear segments (Class2), and cells completely buried under piecewise linear segments (Class3). We introduce the flux limiters at the faces of all cells as shown in Fig.1 and Supplement 1. The flux limiters for scalar cells (Fig. 1a) are written as follows: 
We use the finite-volume method to discretize the above equations; in particular, the flux-form discretization is introduced for the advection terms. The second-order central difference scheme is used for the pressure gradient terms. The CT scheme can be easily implemented with the flux-form governing equations by adding flux limiters to the advection terms. Another advantage of the CT scheme is that it allows independent choice of grid system for a numerical model. In this study, time integration is calculated with the explicit scheme and both vertical and horizontal propagations of sound waves are calculated using a forward scheme. Numerical diffusions are required for the momentum and total energy equations. The fourth-and second-order numerical diffusion terms are introduced to Class1 and Class2 in both horizontal and vertical directions, respectively. The diffusion coefficients are decided via the formulating way in Tomita and Satoh (2004) . We explain about the horizontal momentum conservation in this system. Figure 1b is illustrated that the horizontal momentum at half boundary cell C is exchanging with the adjacent cell A and B but it should be always zero during time integration because of the boundary condition. We introduce the reaction term F R defined as
at the half boundary cells. When we apply Eq. (8) at cell C, the first and forth terms in Eq. (8) are always zero owing to the boundary conditions of horizontal velocity and pressure gradient, and the advection terms in Eq. (8) are balanced with F R . Thus, the horizontal momentum is always zero at half cells such cell C. This balance is realistically understood as the conservation forces, the collision of flow and the reaction force of topography. This system achieves the horizontal momentum conservation by diagnosis of the reaction force. The next section describes the numerical performance of the proposed system for a flow over a mountain and the verification of the conservations in this system.
Isolated mountain test
This section presents the results of a simulated flow over an isolated bell-shaped mountain by comparing the CT scheme and SM method. The mountain is located at the center of the domain x = 0. Its shape is given by the following function:
where h t is the height of the mountain top and a is the half-width of the mountain. Here h t is 400 m and a is 10 km, the same parameters used in Gallus and Klemp (2000) and Steppeler et al. (2002) . . Figure 2 shows the results of vertical velocities at 10 h of time integration for comparison of the CT scheme, SM method, and linear theory. In Fig. 2b , the vertical velocity field obtained from the CT scheme is almost the same as that obtained from the linear theory (Fig. 2c) . In contrast, the result from the SM method (Fig.  2c) is obviously disturbed by artificial winds near the topography. The CT scheme does not generate the artificial flows observed in the SM method. Gallus and Klemp (2000) also reported artificial flows using a step-terrain method and concluded that the flows were generated by the coarse vertical resolution. For the CT scheme, spurious noises vanish even if the vertical resolution is relatively coarse (100 m). Figure 3 displays the vertical momentum flux normalized by the linear theory. After 10 h (Ut/a = 36), the vertical momentum flux with the CT scheme becomes closer to 1.0 irrespective of height, as predicted by the linear theory (Fig. 3a) . In contrast, the SM method transports vertical momentum flux less than the linear theory near the lower boundary, whereas the vertical momentum transport is closer to 1.0 at 10 h time integration, similar to the CT scheme (Fig. 3b) .
The CT scheme is constructed to satisfy the conservation laws. The time sequences of mass, horizontal momentum, and total energy are shown in Fig. 4 . The budget of each variable is calculated as follows: (budget) = (temporal change) + (accumulated reaction force F R ) + (accumulated numerical filters). Reaction force is the accumulated reduction during time integration. Numerical filters indicate the accumulated effect of numerical diffusions in the free layers and a damping layer in the upper layer. Figure 4a demonstrates that the total mass is completely conserved: in fact, the ratio of the total mass to that of the initial state is on the order of 10 −13 within 144,000 iterations of time integration, which is within the truncation error. As the ru temporal change is shown in Fig. 4b , the temporal change of horizontal momentum gradually alters as a result of the numeical filters and the reduction by reaction force. The horizontal momentum budget is also within the truncation error, which is on the order of 10
. This result indicates that the temporal change in the total momentum is balanced by the reaction force and numerical effects. Figure 4c shows that the temporal change of the total energy in the entire domain is balanced by the change due to the numerical filters and its budget is within the truncation error (on the order of 10 −13
) during time integration as well.
Conclusions
We developed a new conserved topographical representation scheme using a thin-wall approximation in z-coordinates, referred to as the CT scheme. The scheme is based on the finite-volume method and satisfies the conservation laws of mass, horizontal momentum, and total energy. The Arakawa-C grid and Lorenz grid systems are used in this study. We applied the CT scheme to the bell-shaped smooth mountain test and found that the solution with the CT scheme is more similar to that obtained with the linear theory than that obtained with the SM method. The vertical momentum transport of the CT scheme is almost constant after sufficient time integration, as predicted by the linear theory. The numerical results with the CT scheme also show conservation of the total domain integral of mass, horizontal momentum, and total energy. While Walko and Avissar (2008) also discussed about the horizontal momentum conservation in staggered gird system and guaranteed it by a special grid configuration, we achieved it by diagnosis of the reaction force. The CT scheme can be easily implemented to flux-form equations by adding flux limiters as coefficients on advection terms. The scheme can be straightforwardly introduced to more complex non-Cartesian grid systems such as the icosahedral grid model (Tomita and Satoh 2004; Satoh et al. 2008 Satoh et al. , 2014 Skamarock et al. 2012; Zängl et al. 2015) .
